We propose a new method called the fractional reduced differential transform method (FRDTM) to solve nonlinear fractional partial differential equations such as the space-time fractional Burgers equations and the time-fractional Cahn-Allen equation. The solutions are given in the form of series with easily computable terms. Numerical solutions are calculated for the fractional Burgers and Cahn-Allen equations to show the nature of solutions as the fractional derivative parameter is changed. The results prove that the proposed method is very effective and simple for obtaining approximate solutions of nonlinear fractional partial differential equations.
Introduction
The space-fractional Burgers equation describes the physical processes of unidirectional propagation of weakly nonlinear acoustic waves through a gas-filled pipe. They are also connected with applications in acoustic phenomena and have been used to model turbulence and certain steady-state viscous flows. Moreover, Burgers equations are used to model the formation and decay of nonplanar shock waves, where the variable x is a coordinate moving with the wave at the speed of sound and the dependent variable u represents the velocity fluctuations. The Burgers equations occur in various areas of applied sciences and physical applications, such as modeling of fluid mechanics and financial mathematics, and the equation has still interesting applications in physics and astrophysics.
The fractional differential equations (FDE) appear more and more frequently in different research areas and engineering applications. There are many physical applications in science and engineering that can be represented by models using fractional differential equations [-], which are quite useful for many physical problems. These equations are represented by fractional linear and nonlinear PDEs, and solving such fractional differential equations is very important [-] .
Many approximation and numerical techniques have been used to solve fractional differential equations [, , -]. Lately, many new approaches to fractional differential equations have been proposed, a few of these methods are as follows: the fractional differential transform method (FDTM) [ The general response expression contains a parameter describing the order of the fractional derivative that can be varied to obtain various responses. Note that we call Eq. (.) the time-fractional Burgers and the space-fractional Burgers equation in the case  < α ≤ , η =  and  < β ≤ , α = , respectively.
In this work, we first consider the nonlinear fractional generalized Burgers equation with time-and space-fractional derivatives of the form []
where ε, ν and η are parameters and α and β are parameters describing the order of the fractional time-and space-derivatives, respectively. The function u(x, t) is a function of x and t and u(x, t) will vanish when t <  and x < . Second, we consider the time-fractional Cahn-Allen equation [, ]
The rest of this paper is divided into six sections. In Section , we give a background of fractional calculus. In Section , the RDTM is introduced. Section  is devoted to application of the FRDTM to three test problems and presentation of graphs to show the effectiveness of the FRDTM for some values of x and t. In Section , we present tables for Examples ., . and .. Section  is for discussion and conclusion of this paper.
Background of fractional calculus
Here are some definitions and facts that we shall use in our work. Some of these basic definitions are due to Liouville [, , , ].
, where g(x) ∈ C[, ∞), and it is said to be in the space C
Definition . The fractional derivative of f ∈ C m - in the Caputo sense can be defined as
We use the Caputo fractional derivative because it allows traditional initial and boundary conditions to be included in the formulation of our work.
Analysis of the FRDTM
We present the methodology of the FRDTM as follows. Consider a function u(x, t) which is analytic and k-times continuously differentiable with respect to time t and space x in the domain of the interest. Now one can represent u(x, t) as a product of two single-variable functions such as u(x, t) = f (x).g(t). Thus the function can be represented as
is analytic and continuously differentiable with respect to space variable x and time t in the domain of interest, then the t-dimensional spectrum function
is the reduced transformed function of u(x, t), where α is a parameter which describes the order of time-fractional derivative.
Throughout this paper, u(x, t) represents the original function and U k (x) represents the reduced transformed function. The differential inverse transform of U k (x) is given by
From Eqs. (.) and (.) one can deduce
Note that when t  = , Eq. (.) becomes
(  .  ) 
, where γ and β are constants Table  , and the proofs of some of the properties can be found in [] .
Remark . In Table  , represents the gamma function, where (z + ) = z (z), z > .
Methodology
To explain how the FRDTM works, we consider the general fractional nonlinear nonhomogeneous partial differential equation
subject to the initial conditions
Here the L = D α t , R is the linear differential operator, N represents the general nonlinear operator and h(x, t) is the nonhomogeneous source term.
From Table  and Eq. (.), we can get the following:
where , t) ), respectively. Now from Eq. (.) we can get
transformations of the functions L(u(x, t)), R(u(x, t)), N(u(x, t)) and L(h(x
To find all other iterations, we first substitute Eq. (.) into Eq. (.) to find the remaining values of U k (x). Finally, we apply the inverse transformation to all the values of {U k (x)} n k= to obtain
Finally, the exact solution of the problem is given by u(x, t) = lim n→∞ u (x, t).
Worked examples
We shall employ the FRDTM to three different applications to illustrate the accuracy and efficiency of the method.
The time-fractional Burgers equation
We consider the following time-fractional Burgers equation [] :
subject to the initial condition 
where
We proceed in this way to get
Thus, we have the solution of Eq. (.) in a series form for α =  and ε = 
. (  .  ) If we proceed in this direction, the differential inverse transform of {U k (x)} ∞ k= is given by
Thus, the exact solution of the problem is given by u(x, t) = lim n→∞ u n (x, t). where , ν, η are parameters, and the boundary conditions are as follows:
The space-fractional Burgers equation

Consider the space-fractional Burgers equation []
Apply the FRDTM operator to Eq. (.) and Eq. (.) to get
and
Substitute Eq. (.) into Eq. (.) to obtain
We proceed, and after the th iteration we get the following approximate solution:
Thus, when β =  and ε = , the approximate solution becomes
This is the approximate solution of Eq. (.) in a series form. Thus the exact solution in the special case when η =  is given by 
The time-fractional Cahn-Allen equation
Consider the following nonlinear time-fractional Cahn-Allen equation [, ]:
Apply the FRDTM to Eq. (.) to get Using Table  and Eq. (.), we conclude
Substitute Eq. (.) into Eq. (.) to obtain
We proceed in this way, and after the th iteration the approximate solution is given by
Hence the exact solution when α =  is given by 
Tables of numerical calculations
In this section, we present tables to show the comparison of results of the FRDTM approximate solutions and the exact solution for different values of α and β. In Table  we use different values of x and t and ν = ., μ = ., σ = ., λ = ., η = , and in Table  we use different values of x and t and η = , ν = , ε = . Finally, we present Table  for different values of x and t and different values for α with only four iterations. It is important to mention that for Example . we only used n = , i.e., four iterations, and we obtained better approximate values, while in [] the authors used five iterations. This shows that the FRDTM converges faster than the existing methods in the literature.
Conclusion
In this paper, we successfully implemented the FRDTM to find approximate solutions of the space-time fractional Burgers equations and the time-fractional Cahn-Allen equation for different values of α and β and the results we obtained in Examples ., . and . were in excellent agreement with the exact solutions. The FRDTM introduces a significant improvement in the field over the existing methods. 
